August 26, 2008

DRAFT: Do not copy.  
page  1

Professional Development: Geometry Content

Facilitator Notes

OSPI is pleased to provide materials to use in teacher professional development sessions about the 9-12 Mathematics Standards that were approved by the State Board of Education on July 30, 2008.  These materials provide a structure for a half-day focused on helping teachers understand the Performance Expectations related to geometry content.  The half-day session which introduces the Standards to teachers should be completed prior to this session.

We hope that these materials will be used by local schools and school districts, education service districts, and university teacher educators to help inservice and preservice teachers learn about the Standards and to initiate discussions about how best to implement the rigorous expectations for students.  We encourage teams of facilitators to plan and deliver this professional development, so that teachers hear a variety of perspectives about the Standards.  Feedback about the effectiveness of the materials and about ways to improve them can be sent to OSPI so that improvements can be made.

The materials were developed by a team of Washington educators.  Other people from Washington and from across the nation, provided comments about various drafts of these materials.  We greatly appreciate all of their help.


Greta Bornemann, OSPI


George Bright, OSPI


Boo Drury, OSPI

Shannon Edwards, Chief Leschi School District

Russ Killingsworth, Seattle Pacific University


Jim King, University of Washington

Kristen Maxwell, ESD 105

David Thielk, Central Kitsap School District

These professional development materials were designed with the following assumptions about logistics for the meetings.


1. Participants will primarily be classroom teachers of high school mathematics.  Modifications may need to be made if the grade range of participants is more restricted or if there are significant numbers of ELL teachers, special education teachers, or preservice teachers.


2. Participants should be seated at tables of 3-6 people each with enough space for groups to work comfortably.


3. You will need a computer and projector for display of the slides, chart paper and markers.  A document camera might also be useful.

Prior to the start of the sessions the handouts listed below need to be duplicated.  Participants should have rulers and scissors.

1. Problem Sets A and B


2. circles (either as handout or pre-cut circles) for Problem Set A

NOTE: There are more problems (proofs) in this section on geometry than can be accomplished in the allotted time.   Use your knowledge of the participants to pick and choose those proofs that are most appropriate for your group to solve.  When picking and choosing be mindful of the flow of the mathematics in the proofs and the ramifications of your choices.  In particular, how will your participants get the sense or “see” of how geometry develops in complexity and sophistication from simple mathematical ideas; for example, the simple idea of folding a circle in half developed into rich geometry about chords, bisections, perpendicular lines, parallel lines, equilateral triangles, 30º-60º-90º triangles and more.
Professional Development: 9-12 Mathematics Standards
Geometry Content Session

	Flow of Activities
	Slides
	Notes

	Introductions

10-15 minutes


	[image: image1.jpg]Welcome

Welcome to the next session in the
professional development program focused
around the 9-12 Mathematics Standards.




	The first five to ten minutes will set the tone and tenor for the whole session.  Keep these issues in mind as you facilitate this session:

* Proofs can be intimidating to everyone on any given day or for any given topic.

*Mistakes are opportunities to learn and clarify.

*High school teachers of mathematics can be competitive!

*Think about scaffolding sharing’s from concrete to abstract…pictorial proofs to more formal proofs.

*Be careful not to fall into the trap of calling on the “one” who always seems to have the answer.  This happens very subtly and often because some people are excited to continually share there “good” thinking.  Maintain goal-oriented control of discourse!

*Norms are always a good idea to establish prior to new discourse with a group.



	
	[image: image2.jpg]Introduction of Facilitators

INSERT THE NAMES AND AFFILIATIONS OF
THE FACILITATOR IN THIS SLIDE.




	NOTE:  THIS SLIDE WILL NEED TO CHANGE AS NEEDED



	
	[image: image3.jpg]Introduction of Participants

Take a minute or two to:
1. Introduce yourself.

2. Describe an important moment in your life
that contributed to your becoming a
mathematics teacher.

3. If you have struggled with a mathematics
concept, describe what helped you
through the struggle.




	Depending on the number of participants this information might be shared in small groups or one whole group.  This is also a good time to gather information about the group; for example, subjects and years taught, role (e.g., teacher, administrator), location of school, etc.

The purpose of this activity is to help loosen up the participants (break the ice) and more importantly to recognize that EVERYONE HITS THE WALL, STRUGGLES, AND DECIDES TO CONTINUE OR STOP.  What helped you forge on through your mathematics struggle?  Persistence or a productive disposition is very important in mathematics success.  It is a decision everyone makes in the learning process; persistence seems very important for engaging in creating proofs, so this discussion will “set up” later conversations.



	Rationale

5 minutes


	[image: image4.jpg]Focus of this Session

This session focuses on geometric proof.

The 9-12 Mathematics Standards include
proof as a significant part of understanding
mathematics.

This builds on skill at making convincing
arguments in grades 6-8.




	Remember that a public display of one’s “best,” at-the-moment thinking is difficult for many people – including teachers.  Creating a proof is a complex activity, and many people need considerable amount of time to do this.  Be sure that you do not push participants to work too quickly, but also keep the pace moving so that participants remain engaged with the mathematics.

Why proofs?

*Traditionally students in high school find proofs challenging.  It is important, however, to help students engage in proof.

*In order for us (teachers) to teach proof effectively we need a deeper knowledge and comfort level with proving, so the problems here focus on mathematical reasoning and justification.

*Clear reasoning and logical progression to a desired outcome is a worthy endeavor for all people.  It is fundamental to deep learning of mathematics.



	
	[image: image5.jpg]Overview

Some of the problems may be appropriate for
students to complete, but other problems are
intended ONLY for you as teachers.

As you work, think about how you might
adapt the problems for students you teach.

Also, think about what Performance
Expectations these problems might exemplify.




	Part of recent legislation is a requirement that end-of-course tests be developed for Algebra 1, Geometry, Integrated Mathematics 1, and Integrated Mathematics 2.  Most teachers know that it is not unusual for students to score lower on semester exams than on the unit tests.  However, the implementation of end-of-course tests in high school will create a situation in which teachers are clearly “accountable” for the performance of their students in a particular course.  This is a new situation for Washington state high school mathematics teachers.

It is important to allow teachers to express their perspectives on whatever issues arise (e.g., My students aren’t ready to learn proofs!), but it is more important to keep the focus of this session on the content of geometry (and proof in geometry).  These suggestions might be useful in maintaining the content focus:

*Focus first on the mathematics in this section by having the participants reflect on and share their work and thinking about the content.

*Help participants connect the work in this session to the 9-12 Mathematics Standards by having them identify appropriate PE’s.

*Ask participants to reflect on how their teaching might help students develop deep understanding of, and fluency with, proof.



	Problem Set A

60-90 minutes for the entire Problem Set, plus time for discussion of the Performance Expectations

15-20 minutes for Problems 1.1 and 1.2, including debriefing of solutions


	[image: image6.jpg]Problem 1.1

1.1. Fold the circle in half so that both sides
(arcs of the circle) coincide. Then unfold
to get a line segment formed by the fold.
Label this segment AB.

a. What kind of special line segment is the fold segment?
What is its name?

b. The line segment divides the circle into two parts. Are the
two parts congruent? Prove your conjecture.

c. Does the center of the circle lie on this line segment? How
do you know?




	a. Segment AB is a diameter of the circle. 


[image: image7.png]



b. The two arcs of the circles are congruent, but the justification depends on the definition of congruence used.  A definition based on rigid motions or superimposition can be directly applied, but the “all distances and angles the same” is harder to use here.  This is a subtle difference.  Many teachers are most familiar with proving congruence for polygons, and proving congruence for non-polygons often requires reasoning that goes beyond consideration only of lines and angles.

c. Yes.  If the center were not on the line segment formed by the fold, the point that the center got folded to would also be a center.  It is not possible for a circle to have two centers, so the center has to be folded onto itself.  Therefore, the center must be on the fold line.


	
	[image: image8.jpg]Problem 1.2

1.2. Fold the circle again in a similar way but
create a different fold line.

What do you know about the point of
intersection of the two fold lines? Explain.




	The point of intersection is the center of the circle.  The center is on both fold lines.  Therefore, the unique point of intersection must be the center of the circle.

Note: Some participants may use a symmetry argument to justify this answer.

[image: image9.png]




	
	[image: image10.jpg]Problem 1.2




	Note: Don’t show this slide too quickly.  Use it only during the debriefing of participants’ work.  You may also skip over this slide if it is not needed.



	5-10 minutes


	[image: image11.jpg]Performance Expectations

Which Performance Expectation would these
problems “fit” best?

Look at the Expectations in Grades 6-8 as well
as in Geometry.




	Participants’ suggestions for Performance Expectation will depend on their methods of proof.  Some Expectations that might be referenced are: G.1.C, G.1.E, G.1.F, G.3.H, G.3.I, G.5.B, G.5.D, G.6.A, G.7.A, G.7.B, G.7.E, G.7.G, G.7.H.

Expectations in grades 6-8 might include: 6.4.B, 6.6.A - 6.6.H, 7.6.A - 7.6.H, 8.2.C, 8.5.A - 8.5.H.



	15-20 minutes for Problems 1.3 and 1.4, including debriefing of solutions


	[image: image12.jpg]Problem 1.3

1.3. Using a new circle, fold the circle in half
and then in quarters. Then unfold to get
two line segments formed by the two folds.
Label one segment AB, the other segment
CD, and the point of intersection E.

a. At what point do the two lines intersect? How do you
know?

b. How are the two lines related?




	Ask participants to explain why their folds actually divided the circle into quarters.  What is the mathematical justification that your process works?  In the folding, we literally fold one radius on another in a rigid motion. 

a. The point of intersection is the center of the circle.
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b. The lines are perpendicular and bisect each other.  The folds have created four congruent arcs that must total 360°, so each arc is 90°.  This guarantees that each central angle is a right angle.  Point E is the center of the circle and by definition of a circle, measure of AE = measure of EB = measure of DE = measure of EC = radius of the circle.



	
	[image: image14.jpg]Problem 1.4

1.4. Fold the circle again so that point C is
folded to coincide with point E. Crease this
fold and unfold to get a new segment FG.

a. How is FG related to the other two segments? How do you
know?
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This is the picture of the folds:

Justification 1

Folding C on E creates a segment halfway between C and E.

Therefore, EC is bisected by FG.

FG is parallel to AB and perpendicular to CD.  

CD is the perpendicular bisector of FG.  

So, FG is the perpendicular bisector of CE.
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	Justification 2

FG is parallel to AB and perpendicular to CD. 

CD is the perpendicular bisector of FG and FG is the perpendicular bisector CE. 

Aligning C with E creates a folded segment half way between C and E.

Therefore EC is bisected by FG. 

In effect we are folding a corner when we fold part of segment CD onto itself. 

So we get the same 360°/4 relation and therefore segments AB and FG are perpendicular to CE (and CD) and, thus, parallel to each other. 

Justification 3

Some participants may cite the theorem that the perpendicular to a chord through the center of the circle must bisect the chord. 
There are several ways to think about this.



	5-10 minutes


	[image: image16.jpg]Performance Expectation

Which Performance Expectation would these
problems “fit” best?

Look at the Expectations in Grades 6-8 as well
as in Geometry.




	Some Expectations that might be referenced are: G.2.A. G.2.B. G.3.H. G.3.I, G.5.B, G.7.A, G.7.B, G.7.E, G.7.G, G.7.H.

Expectations in grades 6-8 might include: 6.6.A - 6.6.H, 7.6.A - 7.6.H, 8.2.C, 8.5.A - 8.5.H.



	30-50 minutes for Problem 5, including debriefing of solutions and proofs


	[image: image17.jpg]Problem 1.5.a

1.5.a. Make a fold on segment DG.

(1) Does this seem to fold a point to the center?
(2) Do you think this is precisely to the center?





	Be sure that everyone understands these directions and has made the correct fold before you give them time to answer the four questions.

Some participants may observe that for each fold, one point on the circle is folded onto the center of the circle.  

This fold is identical in length to the fold FG…WHY?   (The answer is within the explanation of the next slide.)

	
	[image: image18.jpg]Problem 1.5.b

1.5.b. Then make a fold on segment FD.

(1) What is the shape of the triangle FGD? Explain.

(2) What is the measure of angle GED? Explain.

(3) Label the intersection of FG and CD as H. What special
segment in this triangle is the segment DH?

(4) If the radius of the circle is r, what is the length of the side
of triangle FDG?




	a. equilateral triangle.  Several proofs of this are provided below.

b. measure of angle GED is 120°, because the measure of the angle at F is 60°and the measure of the central angle GED is twice the measure of the angle at F. (There are many ways to prove this.)

c. median and the altitude of triangle FDG
d. length of each side of the equilateral triangle is  r*31/2   



	
	[image: image19.jpg]Problem 1.5
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Proof #1 for why the triangle is equilateral – NOTE: The points are labeled differently for the proofs below.

Let the circle have center O and radius r.

(1) For any chord AB, with midpoint M, the ray MO is perpendicular to AB.  The ray intersects the circle in a point C.

(2) The triangle ABC is isosceles, with AC = BC.  This is true since the right triangles AMC and BMC are congruent by Pythagorean Theorem or SAS, so AC = BC. 

(3) The right triangles AMO and BMO are also congruent by hypotenuse-leg, since AO = BO = r, and OM = OM.
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This much is true for any chord AB.. But now we use the special nature of the chord formed by the fold that folds point P on the circle to the center O.

(4) Since this chord formed by folding bisects a radius, the distance OM = MP = r/2.

(5) Since segment AP is folded onto segment AO, the segments are congruent, and AP = AO = r, since AO is a radius.  But OP = r also, since it is also a radius.  

This implies triangle APO is an equilateral triangle with AM a median of the triangle but line AM is also a perpendicular bisector of side OP.

From this we see that triangle AMO is a right triangle with angle AOM = 60°, so angle MAO = (180 – 90 – 60) degrees = 30°.

(6) Now we can discover the measure of all the angles in the triangle AOC.  This triangle is an isosceles triangle with OA = OC = r, since both are radii of the circle.  Thus angle CAO = angle ACO.

But angle AOC = 180 – angle AOM = 180°– 60°– 120 °since angles AOC and AOM are supplementary.

Since the sum of the angles of triangle AOC = 180 degrees then the sum of the equal base angles = 180°– 120 °= 60°.  So 2 angle CAO = 60 degrees, and angle CAO = 30 degrees.

(7)  But if we add angles, angle CAB = angle CAO + angle OAB = (30 + 30) degrees = 60°.

(8)  The same reasoning applied to the triangles BPO and BOC to get angle CBA = 60°.

(9)  Then by angle sum the remaining angle in triangle ABC, angle ACB = 60 °also.  

Thus all the angles of triangle ABC are equal, and ABC is an equilateral triangle.

Proof #2 for why the triangle is equilateral
Let the circle have center O and radius r.

(1) For any chord AB, with midpoint M, the ray MO is perpendicular to AB.  The ray intersects the circle in a point C.

(2) The triangle ABC is isosceles, with AC = BC.  This is true since the right triangles AMC and BMC are congruent by Pythagorean Theorem or SAS, so AC = BC. 

(3) The right triangles AMO and BMO are also congruent by hypotenuse-leg, since AO = BO = r, and OM = OM.
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This much is true for any chord AB.. But now we use the special nature of the chord formed by the fold that folds point P on the circle to the center O.

From the general reasoning above, we know that AC = BC.

We will use a theorem about medians to prove that also AB = AC = BC.

(4) Since this chord formed by folding bisects a radius, the distance OM = MP = r/2.

(5) This means that CM = CO + OM = r + r/2 = (3/2)r.  It also means that C0/CM = 2/3.

(6) Segment CM is a median of triangle CAB. By a general theorem about medians, all the medians CAB pass through a point G so that G divides each median in the ratio 2:1.  Thus CG/CM = 2/3.  But we have already see that this point on CM is point O, the center of the circle.  Thus O = G.

(7) This means that O is on each of the medians, so line AO intersects segment BC in its midpoint S, since AS is a median of triangle ABC.  

(8) But the line OS from the circle center O to the midpoint S of chord BC is  the perpendicular bisector of the chord (theorem about chords proved from isosceles triangle BOC).

(9) But line OS is the same as line AS, so point A is on the perpendicular bisector of BC, so it is equidistant from the endpoints:  AB = AC.  

This is what was to be proved.  We knew already that AC = BC and now we have AB = AC, so all three lengths are equal and the triangle is equilateral.

Proof #3 for why the triangle is equilateral

Since CQ is perpendicular to AB, there are several right triangles in the figure.  The Pythagorean theorem can be applied to find all the lengths.

We are given that the radii OA = OB = OC = r.

Also, since OM = PM, and OM + MP = r, then OM = r./2.

In right triangle AOM

AO = r

OM = r/2

AM = r * (1 – (1/4))1/2
AM = (r /2)* 31/2

In right triangle ACM

CM = 3r/2

AM = (r /2)* 31/2

AC2 = ((9/4) + (3/4))r2 =3r2
AC= r*31/2

But in triangle ABC, AB = 2AM = r*31/2

So AB = AC.  In the same way one can prove that AB = BC, so the triangle ABC is equilateral.

	10-15 minutes


	[image: image23.jpg]For Students?

Would you expect high school geometry
students to be able to prove that the triangle
is equilateral? Why or why not?

If not, are there any parts of this problem that
you would expect students to be able to
complete?




	The idea here is to delineate what participants expect students to be able to do.

• Do you have the same expectations for the “average” student and the “honor” student?  If now, how are your expectations different?

• How do you decide what is appropriately challenging for students and what might “push them over the edge”?

• How much struggle is appropriate for students as they engage in mathematics problems?



	
	[image: image24.jpg]Creating a Problem

Use the mathematics of this problem to
create a problem that you would expect high
school geometry students to complete.




	This is an optional activity.  Do it if there is time or interest among participants.  

Some participants might not want to ask students to fold paper circles, but it is possible to use the drawing above to structure a problem that students could complete.



	
	
	

	Problem Set B

about 90 minutes


	[image: image25.jpg]Classifying Quadrilaterals

These problems provide an opportunity to
relate the properties of quadrilaterals and the
properties of circles.




	There will not be enough time to complete all of the problems in this set thoroughly.  Choose carefully the specific problems you want participants to solve.

Answers are given below.  Proofs of some of the answers are given following the notes for these slides.


	10 minutes


	[image: image26.jpg]Problem 2.1

2.1. List all the kinds of quadrilaterals.
Identify how they are related to each
other.




	Quadrilaterals that participants might list are: square, rectangle, parallelogram, rhombus, kite, trapezoid, 

• All squares are rectangles, parallelograms, and rhombi.

• All rectangles are parallelograms.

• All rhombi are parallelograms.

Note: In mathematics books there are two competing definitions for trapezoid.  You may want to be sure that participants know this.



	
	[image: image27.jpg]General Directions

In each problem that follows, you are asked
to determine whether the particular kinds of
quadrilateral can be circumscribed always,
never, or sometimes.

Then you are asked to prove your claim.




	The answers are given below.  Proofs of some of the answers are provided later in these notes.



	
	[image: image28.jpg]Definition of Circumscribed

A circumscribed circle or circumcircle of a
polygon is a circle which passes through all
the vertices of the polygon. The center of this
circle is called the circumcenter. A polygon
which has a circumscribed circle is called a
cyclic polygon.

http://en.wikipedia.org/wiki/Circumcircle




	You need to be sure that all participants understand what “circumscribed” means.



	10 minutes


	[image: image29.jpg]Problem 2.2

2.2. Can a square be circumscribed always,
never, or sometimes? If you answer is
sometimes, identify when it is possible and
when it is not possible.

Prove your claim.




	A square can always be circumscribed.



	10 minutes


	[image: image30.jpg]Problem 2.3

2.3. Can a rectangle be circumscribed always,
never, or sometimes? If you answer is
sometimes, identify when it is possible and
when it is not possible.

Prove your claim.




	A rectangle can always be circumscribed.



	15 minutes


	[image: image31.jpg]Problem 2.4

2.4. Can a rhombus be circumscribed always,
never, or sometimes? If you answer is
sometimes, identify when it is possible and
when it is not possible.

Prove your claim.




	A rhombus can sometimes be circumscribed; it can always be done if it is a square.  A non-square rhombus can never be circumscribed.



	15 minutes


	[image: image32.jpg]Problem 2.5

2.5. Can a kite be circumscribed always,
never, or sometimes? If your answer is
sometimes, identify when it is possible and
when it is not possible.

Prove your claim.




	A kite can sometimes be circumscribed; it can always be done if the kite has two or more right angles.  Other kites can never be circumscribed.

Note:  Not everyone may notice this angle relation.


	
	[image: image33.jpg]Problem 2.5





	NOTE: Don’t show this slide too quickly.  Use it only during the debriefing of participant’s work.  You may also skip over this slide if it is not needed.

	20 minutes


	[image: image34.jpg]Problem 2.6

2.6. Can a parallelogram be circumscribed
always, never, or sometimes? If you
answer is sometimes, identify when it is
possible and when it is not possible.

Prove your claim.




	A parallelogram can sometimes be circumscribed; it can always be done if it is a rectangle.  A non-rectangular parallelogram can never be circumscribed.



	20 minutes


	[image: image35.jpg]Problem 2.7

2.7. Can a trapezoid be circumscribed always,
never, or sometimes? If you answer is
sometimes, identify when it is possible and
when it is not possible.

Prove your claim.




	A trapezoid can sometimes be circumscribed; it can always be done if the trapezoid is isosceles.  Other trapezoids can never be circumscribed.

Note: This is true whether you take the “at least two sides parallel” definition or the “exactly two sides parallel” definition of trapezoid.  In the former case, parallelograms count as trapezoids and rectangles count as isosceles trapezoids and the statement is still true.



	
	[image: image36.jpg]Problem 2.7




	NOTE: Don’t show this slide too quickly.  Use it only during the debriefing of participant’s work.  You may also skip over this slide if it is not needed.

	20 minutes


	[image: image37.jpg]Problem 2.8

2.8. Under what conditions can a general
quadrilateral be circumscribed?

Prove your claim.




	Participants, may want to trace, to cut out, to measure, etc.

A quadrilateral can be circumscribed by a circle precisely when it has a pair of opposite angles that are supplementary.  This also means, of course, that the other pair of opposite angles are also supplementary.



Square: Problem 2.2

Square: All squares can be circumscribed.

Proof: The two diagonals of a square are the same length and they are perpendicular bisectors of each other.  (There are several ways to show this.)  Therefore, the distance from each vertex to the point of intersection of the two diagonals is the same.  Use this as the radius of the circumcircle, and use the point of intersection of the two diagonals as the circumcenter.

Rectangle: Problem 2.3

Rectangle: All rectangles can be circumscribed.

Proof: The two diagonals of a rectangle are the same length and they bisect each other. (There are several ways to show this.)  Therefore, the distance from each vertex to the point of intersection of the two diagonals is the same.  Use this as the radius of the circumcircle, and use the point of intersection of the two diagonals as the circumcenter.

Rhombus: Problem 2.4

Rhombus: (only if a square; see rectangle or square proof)

Proof: The diagonals of a rhombus are perpendicular bisectors of each other.  If a rhombus is circumscribed, the diagonal line reflections must reflect the circumcircle to the circumcircle, since there is a unique circle through three non-collinear points.  Therefore, the diagonals of the rhombus are diameters of the circle, so the diagonals must have the same length.  Hence the rhombus is a square.

Kite: Problem 2.5

Kite:  A kite can be circumscribed if it has two or more right angles.  Other kites can never be circumscribed.

Proof 1: If the kite is circumscribed, the diagonal that is the line of symmetry of the kite is also a line of symmetry of the circle, so that diagonal is also a diameter.  Two angles of the kite are inscribed angles that contain an arc of 180°.  Therefore, the angle measure of these two angles is  [image: image39.png]


  =  90°.

Proof 2: Suppose kite ABCD has diagonal AC as its line of symmetry.  Triangles ABC and ADC are congruent.  Reflect ADC across the perpendicular bisector of AC.  This results in A reflected to C, C to A, and D reflected to D’.  ABCD’ is a parallelogram, since it has opposite sides congruent.  If the kite can be circumscribed, then AC is a diameter of the circle, and the perpendicular bisector of AC is also a diameter, so the point D is reflected to a point D’ on the circle.  ABCD’ is a circumscribed parallelogram, which is shown below to be a rectangle.  Therefore, angle ABC and angle ADC are congruent to angle AD’C, so they are all right angles.

Parallelogram: Problem 2.6

Parallelogram: All parallelograms that are circumscribable are rectangles.
Proof: Assume that ABCD is inscribed in a circle.  Then AB and CD are parallel chords.  By the same reasoning as with trapezoids, there is a line of symmetry m that is the perpendicular bisector of AB and also CD.  This line m passes through the midpoint M of AB and N of CD.

This is actually enough, since the only parallelograms with a line of symmetry are the rectangles.  To see this, notice that the line MN is parallel to BC and DA.  But this is the line m, which is perpendicular to AB and CD.  Thus BC and DA are perpendicular to AB and CD.

An additional observation:  there is also another line of symmetry to notice:  BC and CA are also parallel chords, so there is a line of symmetry n that is the perpendicular bisector of BC and also DA.  So there are two lines of symmetry.
Trapezoid: Problem 2.7

Trapezoid: Only isosceles trapezoids can be circumscribed. 

Proof: Using the endpoints of the longer base and one of the endpoints of the smaller base construct perpendicular bisectors to the two chords. 

The intersection of the two perpendiculars is the center of circle T. 

Three non-collinear points determine a circle and the perpendicular bisectors of the chords intersect in the center, P, of circle T. Is D on circle T?

Because the perpendicular to AB is also the line of symmetry for trapezoid ABCD that indicates if C is on circle T then by symmetry D must also by on circle T. 

Trapezoid: First, we prove that if a trapezoid can be circumscribed, it must be isosceles (i.e., necessary condition).

Proof ideas that may emerge:

• Construct a circle through three vertices and then consider what is necessary for the fourth vertex to be on the circle.

• Two parallel chords in a circle have the same line as perpendicular bisector, and this is a line of symmetry.

• If AB and CD are parallel chords, the lengths of BC and DA can be computed using the Pythagorean Theorem.

• There are angle relationships for an inscribed ABCD (SAVE THIS ONE FOR LATER UNLESS IT EMERGES WITHOUT PROMPTING.)
Trapezoid: There are no other shaped trapezoids that can be circumscribed. 

Proof: Suppose there are. Sense there are no lines of symmetry for trapezoids other than isosceles trapezoids there is no way to guarantee (as above) D would be on the circumscribed circle. (Where D is the fourth point after three have been chosen to define the possible circumscribing circle.) 

Trapezoid: The trapezoids that can be circumscribed are the isosceles trapezoids    (i.e. necessary condition).

Proof: One definition of an isosceles trapezoid is a trapezoid with a line of symmetry m.   This line is the perpendicular bisector of two parallel sides AB and CD.  Let O be the intersection of m with the perpendicular bisector of one of the other two sides, say BC.  Since O is on m -- the perpendicular bisector of AB, the distance OA = distance OB.  By the same reasoning, distance OC = distance OD.  But since O is also on the perpendicular bisector of BC, then distance OB = distance OC, so all four vertices are equally distant from O.  Therefore, the circle with center O that passes through A also passes through B, C and D.
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General Quadrilateral: Problem 2.8

General Quadrilaterals:  (Quadrilaterals can be circumscribed precisely when they have a pair of opposite angles that are supplementary.  This implies the other pair is also supplementary.)
Proof:  A quadrilateral that can be circumscribed has opposite angles that are supplementary (uses inscribed angle theorem).



(This proves the necessary condition.)

If a circle circumscribes ABCD, then the angle ABC is an inscribed angle that contains the arc CDA of the circle. Thus by the inscribed angle theorem , the angle measure ABC = ½ arc angle measure CDA.  Likewise, angle CDA is an inscribed angle that contains arc ABC and angle measure CDA = ½ arc angle measure ABC.  Thus the sum of the angle measures of angles ABC and CDA = ½(arc angle CDA + arc angle ABC).  Now the arcs angles ABC and CDA together make up the entire circle so their total degrees is 360º and ½ • 360º = 180º.  

(This proves the sufficiency condition.)

To prove sufficiency, one can assume for a quadrilateral ABCD that angle A + angle C = 180º.   Then circumscribe the triangle BCD.  We do not know that A is on the circle, so we assume that A is not on the circle and (hopefully) get a contradiction.

Let E be the intersection of ray BA with the circle, and assume that A is outside the circle.  Then EDCB is circumscribed by the circle and so angle BCD and angle DEB are supplementary (by what we proved above) so angle BCD + angle DAB = 180º thus angle DEB = angle DAB. But this is impossible, since angle DEB is an exterior angle of triangle AED and angle DAB is an interior angle.  So by angle sum in a triangle, angle DEB > angle DAB.  

Similarly it follows if A is inside of the circle.

Therefore, a quadrilateral can be circumscribed if and only if it has two opposite angles supplementary.



	
	[image: image41.jpg]Performance Expectation

For each problem that you solved, which
Performance Expectation would these
problems “fit” best?

Look at the Expectations in Grades 6-8 as well
as in Geometry.




	Some Expectations that might be referenced are: G.1.B G.1.C, G.1.E, G.1.F, G.2.A, G.2.B., G.3.A, G.3.B, G.3.C, G.3.D, G.3.G, G.3.H, G.3.I, G.7.A, G.7.B, G.7.E, G.7.G, and G.7.H.
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The new standards require students to create
formal and informal proofs. This is a change for
many teachers, parents and students from
existing practice.

¢ How will we incorporate the new standards
in our teaching?

¢ What will we communicate to our parents
and community?




	Encourage participants to “take a deep breath” and recognize that change does not have to happen instantaneously.  There is time to incorporate these changes into instruction.



	
	[image: image43.jpg]Bottom Line: Student Learning

We have new clear
measurable standards and

we have time to plan for
student success.




	


[image: image44.png]



�





                                             A


                             D’








                             D                                   B


                                              C





O





                               A





              D                                   


                                                       B





                        C














                        C





                       • A  





      D                                   B








                 C








                        








C





E








