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Focus on Average Rate of Change and Instantaneous Rates of Change

Welcome to content professional development sessions for the high school math standards.  The focus in this session is Rate of Change.

The goal of this session is to help understand of rate of change as an important part of the 9-12 Mathematics Standards.  With deeper understanding, teachers will be better able to 

(a) understand students’ mathematics thinking, (b) ask targeted clarifying and probing questions, and (c) choose or modify mathematics tasks in order to help students learn more. 

A foundation for student understanding of rates of change includes fractions and ratios, proportional reasoning, and slopes over intervals.  A deep understanding rates of change helps create mathematical connections between proportional reasoning, sense making from patterns, arithmetic and geometric sequences, and multiple representations.  It extends the idea of slope (and slope of the tangent line) to more complex functions. Finally, moving from average rate of change (slopes of lines over intervals) to instantaneous rate of change (the slopes of tangent lines) begins lay the groundwork for some topics in calculus. In addition, studying and comparing rates of changes encourages the maintenance of number sense in the high school years.

This problem set is divided into problems that draw on understanding of average rates of change, and problems that draw on understanding of instantaneous rates of change.  

Problem Set 1 - Average Rate of Change

1.1. For each graph below, create a table of values that might generate the graph.    (Inspired by Driscoll, p. 155)  How do you know that your tables of values are correct?  How do you use rate of change to generate the table?
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1.2. A driver will be driving a 60 mile course.  She drives the first half of the course at 30 miles per hour.  How fast must she drive the second half of the course to average 60 miles per hour? 

Represent your understanding of this problem situation in as many ways as you can.  How do the different representations in your group show different connections or understandings?

1.3. You are one mile from the railroad station, and your train is due to leave in ten minutes.  You have been walking toward the station at a steady rate of 3 mph, and you can run at 8 mph if you have to.  For how many more minutes can you continue walking, until it becomes necessary for you to run the rest of the way to the station?

Represent your understanding of this problem situation in as many ways as you can.  How do the different representations in your group show different connections or understandings?

1.4. The speed of sound in air is 1100 feet per second. The speed of sound in steel is 16500 feet per second. Robin, one ear pressed against the railroad track, hears a sound through the rail six seconds before hearing the same sound through the air. To the nearest foot, how far away is the source of that sound?

Represent your understanding of this problem situation in as many ways as you can.  How do the different representations in your group show different connections or understandings?

1.5. The figure shows a sequence of squares inscribed in the first-quadrant angle formed by the line y = 1/2x and the positive x-axis. Each square has two vertices on the x-axis and one on the line y = 1/2x, and neighboring squares share a vertex. The first (smallest) square is 8 cm tall. How tall are the next four squares in the sequence?  How tall is the nth square in the sequence?  (Inspired by Phillips Exeter Academy math materials.)

What kind of sequence is described by the heights of the squares?   What kind of sequence is described by the areas of the squares?
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1.6. For each function, calculate the average rate of change for the intervals in the table.  Then describe the overall pattern in the rate of change.  
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	Interval
	0 < x < 1
	1 < x < 2
	2 < x < 3
	3 < x < 4
	4 < x < 5

	Rate of Change
	
	
	
	
	

	Observations:
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	Interval
	0 < x < 1
	1 < x < 2
	2 < x < 3
	3 < x < 4
	4 < x < 5

	Rate of Change
	
	
	
	
	

	Observations:
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	Interval
	0 < x < 1
	1 < x < 2
	2 < x < 3
	3 < x < 4
	4 < x < 5

	Rate of Change
	
	
	
	
	

	Observations:
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	Interval
	0 < x < 1
	1 < x < 2
	2 < x < 3
	3 < x < 4
	4 < x < 5

	Rate of Change
	
	
	
	
	

	Observations:




Problem Set 2 - Instantaneous Rates of Change

2.1. Sketch graphs of the following:

a. The volume of water over time in a bathtub as it drains.

    The rate at which water drains from a bathtub over time.

b. The volume of air in a balloon as it deflates.

    The rate at which the air leaves a balloon while it is deflating.

c. The height of a Douglas fir over its life time.

    The rate of growth (height) of a Douglas fir over its life time.

d. The bacteria count in a Petri dish culture over time.

    The rate of bacteria fission in a Petri dish culture over time. 

e. The volume (over time) of a balloon that is being inflated at a constant rate. 

    The surface area (over time) of a balloon that is being inflated at the same constant rate.

    The radius (over time) of a balloon that is being inflated at the same constant rate.

f. The speed of a marble over time rolling down a ramp resembling a 90 degree arc. 

    The magnitude of acceleration over time of the marble as it rolls down the ramp.  
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2.2. For each of the following sketches of functions, sketch a corresponding graph that shows how the slope is changing over the interval.   Don’t make any assumptions about the equation that might represent each function.  
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2.3. The diagrams below show side views of nine containers, each having a circular cross section.  The depth y of the liquid in any container is an increasing function of the volume of the liquid.  Sketch the graph of the height of the liquid as a function of the volume for each container. 
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2.4. a. How does the graph of
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b. How does the slope of f at (a, b) compare with the slope of g at (b, a).   
c. Explain or show each relationship. 
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