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Professional Development: 9-12 Mathematics Standards

Rate of Change: Facilitator Notes

OSPI is pleased to provide materials to use in teacher professional development sessions about the 9-12 Mathematics Standards that were approved by the State Board of Education on July 30, 2008.  These materials provide a structure for a half-day focused on helping teachers understand the Performance Expectations related to geometry content.  The half-day session which introduces the Standards to teachers should be completed prior to this session.

We hope that these materials will be used by local schools and school districts, education service districts, and university teacher educators to help inservice and preservice teachers learn about the Standards and to initiate discussions about how best to implement the rigorous expectations for students.  We encourage teams of facilitators to plan and deliver this professional development, so that teachers hear a variety of perspectives about the Standards.  Feedback about the effectiveness of the materials and about ways to improve them can be sent to OSPI so that improvements can be made.

The materials were developed by a team of Washington educators.  Other people from Washington and from across the nation, provided comments about various drafts of these materials.  We greatly appreciate all of their help.


Greta Bornemann, OSPI


George Bright, OSPI


Boo Drury, OSPI

Shannon Edwards, Chief Leschi School District


Russ Killingsworth, Seattle Pacific University


Jim King, University of Washington


Kristen Maxwell, ESD 105


David Thielk, Central Kitsap School District

These professional development materials were designed with the following assumptions about logistics for the meetings.


1. Participants will primarily be classroom teachers of high school mathematics.  Modifications may need to be made if the grade range of participants is more restricted or if there are significant numbers of ELL teachers, special education teachers, or preservice teachers.


2. Participants should be seated at tables of 3-6 people each with enough space for groups to work comfortably.


3. You will need a computer and projector for display of the slides, chart paper and markers.  A document camera might also be useful.

NOTE: There are more problems in this section on rate of change than can be accomplished in the allotted time.   Use your knowledge of the participants to pick and choose those problems that are most appropriate for your group to solve.  When picking and choosing be mindful of the flow of the mathematics and the ramifications of your choices.  In particular, how will your participants get the sense or “see” of how rate of change develops in complexity and sophistication from simple mathematical ideas.


As a guide it may be helpful to omit problems with a physics or biology focus.
1. The goal of this 3-hour session is to help participants deepen their personal understanding of rate of change as an important part of the 9-12 Mathematics Standards.  With deeper understanding, teachers will be better able to (a) understand students’ mathematics thinking, (b) ask targeted clarifying and probing questions, and (c) choose or modify mathematics tasks in order to help students learn more. 

2. There are two problem sets (one on average rate of change and one on instantaneous rate of change).  The problem sets are presented to participants on separate “activity pages.”  There are suggested time allocations for solving each problem, with approximately 1½  hours of work time suggested for solving the problems in each set.  These times do not include debriefing time, however, so you will need to create an agenda that responds to the specific parameters of how you are working with participants.  For example, some groups will need more time to debrief their solutions than they need to solve the problems, while other groups may be able to discuss their solutions rather quickly.  Both the size of the group and the range of expertise in the group will influence the balance between work time and debriefing time.  As a consequence of determining debriefing time, you will likely need to select the problems that you want participants to complete.  

3. Encourage participants to discuss their thinking with partners.  This will help participants develop fluent language about the relevant mathematics ideas.  Also, be sure to allow sufficient time for participants to work on a problem set before you begin the debriefing.  Participants are more likely to contribute to the discussion if they are confident about their answers and about their solution strategies.  This will also model that it is important to give students ample time to work on a problem before discussing answers to that problem.

4. A significant amount of time should be allocated for debriefing and reflection after each problem set.  The best model would be to debrief each set as a whole.  You may, however, choose to ask participants to work each problem separately and debrief each problem as it is completed.  There is an important difference between debriefing participants’ solutions and simply asking participants to share their work.  During debriefing you can (a) help participants elaborate on the mathematics that they used in solutions, (b) challenge solutions that are incorrect, (c) suggest ways of making solutions more elegant or more efficient, (d) interject alternate solutions that participants as a group have not considered, and (e) encourage thinking about translating these problems, and the discussions of these problems, into instruction for students.  These approaches collectively have the effect of helping participants deepen their personal understanding of the important mathematics of each problem.

5. Each problem set should be debriefed separately, and at two levels. The first kind of debriefing should focus on the mathematics content.  There are questions in the right hand column and the power point slides to help you with this.  The second kind of debriefing should encourage participants to extend their understanding of the standards by making connections to individual standards, core content areas, and process performance expectations.  These discussions could address standards versus instructional grain size,  the need for pushing students to a deeper understanding, the role of making connections in the classroom to better address standards. 

6. The problem sets need to be copied prior to the start of the sessions.  You will also need a computer and projector for display of the slides, chart paper and markers, graph paper, and enough space for small groups of participants to work comfortably.  A document camera might also be useful.

Publication date: July 28, 2008
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	Introductions
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Welcome

The focus in this session is 

Rate of Change

.

A deep understanding

Rate of Change

creates mathematical 

connections between proportional reasoning, sense making from 

patterns, arithmetic and geometric sequences, and multiple 

representations.  It extends the idea of slope (and slope of the

tangent line) to more complex functions.  Finally, moving from 

average rate of change to instantaneous rate of change begins lay 

the groundwork for some topics in calculus.
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	It is important that participants feel comfortable about participating in professional development sessions that address their own personal mathematical understanding.  Some participants may be a bit nervous about the prospect of possibly making mathematical mistakes in front of colleagues.  Assure participants that everyone makes mistakes occasionally, and in these sessions there are no consequences of doing so.



	
	
[image: image2.emf]Why Are We Working on Math 

Tasks?

The goal of this session is to help understand of 

rate 

of change

as an important part of the 9-12 

Mathematics Standards.  With deeper 

understanding, teachers will be better able to:

(a) understand students’ mathematics thinking,

(b) ask targeted clarifying and probing questions, 

and 

(c) choose or modify mathematics tasks in order to 

help students learn more. 
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	Clarify for participants why we are doing mathematics tasks in this training:

Students sometimes come to us with rigid or procedural understandings of mathematics.  When students (and teachers) have a deeper understanding of mathematics, they become more fluent and flexible in approaching mathematics tasks.  One of the goals of this session is to push participant’s understanding of rate of change. Another is to help participants see how an understanding of the standards can be connected to the process of doing mathematics. 
Remind participants that since we are working on personal understanding of the mathematics underlying the 9-12 Mathematics Standards, some of the problems are appropriate for adults but may not be appropriate for students.  Teachers need to know more mathematics, and at a deeper level, than students.  As you lead the debriefing of the problems, you might want to periodically ask participants whether a particular problem would be appropriate for students to complete.
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Overview

Some of the problems 

may

be appropriate for 

students to complete, but other problems are 

intended ONLY for you as teachers.

As you work the assigned problems, think about 

how you might adapt them for the students you 

teach.

Also, think about what Performance Expectations 

these problems might exemplify.
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	It is important to emphasize that these tasks were designed for professional development for teachers.  While many of them can be used in the classroom, especially with modification, the goal of this session is for participants to explore the mathematics of the high school standards.



	Problem Set 1
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Problem Set 1

The focus of Problem Set 1 is 

average rate of change

.

Your facilitator will assign one or more of the following 

problems.  You may work alone or with colleagues to 

solve the assigned problems.

When you are done, share your solutions with others.
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	These problems address the idea of average rate of change.  (Problem Set 2 addresses instantaneous rate of change.)  Encourage participants to include different kinds of representations to model or solve the problems.  When debriefing individual tasks, press teachers to identify connections among representations.

Choose a subset of these problems and ask participants work on the set.  Then, debrief the assigned problems as a set.



	Problem 1.1

15 minutes


	[image: image5.jpg]Problem 1.1

For each graph below, create a table of values that might generate the
graph.  (/nspired by Driscoli, p. 155) How do you know that your
tables of values are correct? How do you use rate of change to
generate the table?
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	Answers will vary; for the first graph, there will be a constant rate of change throughout the table of values.  For the second two graphs, the table of values will show two different rates of change, but in each case the rate of change will be constant.  Participants may see these as a piecewise function consisting of two linear pieces each with a different value for the slope. 

This problem provides an introduction to rate of change problems. Completing this task first should help participants on the next three problems. 

Additional debriefing questions include the following:
What strategies did you use to create table values when you came to the point the graph when the slopes changed? 

For the second and third graph, could you draw another line or set of lines that would represent the same average rate of change over the interval?  How do you know that these other graphs represent the same average rate of change over the interval? 
As you debrief Problems 1.1 - 1.4, you might ask:

Where is average rate represented in the graph?  

Where is it represented in the equations?



	Problem 1.2

15 minutes
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Problem 1.2

A driver will be driving a 60 mile course.  She drives 

the first half of the course at 30 miles per hour.  

How fast must she drive the second half of the 

course to average 60 miles per hour? 

Represent your understanding of this problem 

situation in as many ways as you can.  How do 

the different representations in your group show 

different connections or understandings?
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	Answer: It is impossible for the driver to average 60 mph under these conditions.  She has already used 60 minutes to drive the first 30 miles of the course.  To average 60 mph for the entire 60 mile course, she would need to be at the end of the course after 60 minutes.  Participants may have an easier time showing this graphically than algebraically. 

Additional questions:

Why can’t you take the average of 30 mph and 90 mph to get an average speed of 60 mph?

If a driver drives 20 minutes at 30 mph, and then 20 minutes at 60 mph, what is the average speed?

If a driver drives 20 miles at 30 mph, and then 20 miles at 60 mph, what is the average speed?

How are these two problems different?  How would they look different if they were modeled with a graph? 



	Problem 1.3

20 minutes
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Problem 1.3

You are one mile from the railroad station, and your train is 

due to leave in ten minutes. You have been walking 

towards the station at a steady rate of 3 mph, and you 

can run at 8 mph if you have to. For how many more 

minutes can you continue walking, until it becomes 

necessary for you to run the rest of the way to the 

station?

Represent your understanding of this problem situation in 

as many ways as you can.  How do the different 

representations in your group show different connections 

or understandings?
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	Answer:  4 minutes.  

Participants may choose to work this problem backwards or show it graphically by drawing a line to represent walking, and a line to represent running.  

A solution can also be created by using a system of linear equations:
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 , where x equals the time in hours, y equals the distance.

A follow-up question: “Assuming that you successfully boarded the train on time, how would you show graphically or calculate the average rate for this situation?”



	Problem 1.4

20 minutes
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Problem 1.4

The speed of sound in air is 1100 feet per second. The 

speed of sound in steel is 16500 feet per second. 

Robin, one ear pressed against the railroad track, 

hears a sound through the rail six seconds before 

hearing the same sound through the air. To the 

nearest foot, how far away is the source of that 

sound?

Represent your understanding of this problem situation in 

as many ways as you can.  How do the different 

representations in your group show different 

connections or understandings?

8


	Answer:  7071 feet

Participants who solve this graphically (distance versus time) will need to find a common y value for the two plotted lines that have a difference of 6 seconds on the x-axis.

Participants who solve this algebraically  may use varied approaches  One way is to write two equations so that time is expressed in terms of an unknown distance and then set the difference of the two expressions equal to 6 seconds: 
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Another approach is to write two equations expressing distance in terms of time.  The equation representing the sound traveling in air will substitute x+6 in place of x.  The two equations can be solved as a system. 



[image: image11.wmf](

)

x

y

x

y

16500

6

1100

=

+

=




	Problem 1.5

20 minutes
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The figure shows a sequence of squares inscribed in the first-quadrant 

angle formed by the line y = 1/2x and the positive x-axis.  Each 

square has two vertices on the x-axis and one on the line y = 1/2x, 

and neighboring squares share a vertex. The smallest square is 8

cm tall.  How tall are the next four squares in the sequence?  How 

tall is the nth square in the sequence? 

What kind of sequence is described by the heights of the squares? 

What kind of sequence is described by the areas of the squares?

n=4

n=3

n=2

n=1

y = 

1

2

x

A
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	Answer:  The first five squares have side lengths of 8 cm, 12 cm, 18 cm, 27 cm, and 40.5 cm.  The first five areas would be the squares of these numbers.  The rule for side length is 
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This problem helps participants “see” exponential growth through increasing side length and/or area of a square.  Some participants may be surprised that the rate of increase of the both the side length and the area is exponential, yet the limiting parameter (the line y = 1/2x) represents linear growth.

Some participants may recognize right away that that triangles formed at the top of each square have leg lengths in the ratio of 1(rise): 2(run).  Others may use algebra to calculate the coordinates of several squares in the sequence and then recognize a pattern.



	Problem 1.6

30 minutes


	[image: image16.jpg]Problem 1.6

For each function, calculate the average rate of change for the intervals
in the table. Then describe the overall pattern in the rate of change.

y=2x-4

Interval 0<x<l 1<x<2 2<x<3 3<x<4 [4<x<5
Rate of

Change

Observations:

y=—2"14

Interval Oex<1 Tex<2 2ex<3 3ex<4 4x<5

Rate of
Change

Observations:





	Answers:
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2, 2, 2, 2, 2  (linear, constant)
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-1, -3, -5, -7, -9  (constant decreasing indicating quadratic)


	
	[image: image19.jpg]Problem 1.6 (cont.)

For each function, calculate the average rate of change for the intervals
in the table. Then describe the overall pattern in the rate of change.

3
y=x-10
Interval Oex<1 Tex<2 2ex<3 3ex<4 4x<5
Rate of
Change

Observations:

y=12°

Interval Oex<1 Tex<2 2ex<3 3ex<4 4x<5

Rate of
Change

Observations:





	Answers: 
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1, 7, 19, 37, 61  (the next set of successive differences would be 6, 12, 18, and 24, indicating a cubic)
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                1/5, 6/25, 36/125, 216/625, 1296/3125                      (
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  is a geometric series with r = 6/5)
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Reflection – Mathematics Content

What conceptual knowledge and skills did you 

use to complete these tasks?

What were the benefits in making connections 

among different representations of the 

problems or their solutions? What would be 

the benefits for students in making these 

connections?

12


	Encourage participants to think beyond “courses” that they have taught or might teach.
Additional discussion questions:

What mathematics ideas, if any, did you use in more than one problem?

How can you help students identify relevant mathematics for solving problems?

How can you help students understand how different mathematics ideas are related to each other?

How can you help students make connections among different representations?



	
	
[image: image24.emf]Reflections – The Standards

Select one of the tasks you worked on and discuss the 

following focus questions in your group:

– Where in the standards document is teacher and/or student 

learning supported through the use of this task?

– How does this task synthesize learning from multiple core 

content areas in the high school standards?

– Which process PEs are reinforced with this task?
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	Alternately, you might assign different problems to different table groups.

Encourage participants to identify tasks that are connected to multiple Performance Expectations.  Look for opportunities in the discussion to discuss the “grain size” of specific Performance Expectations and how that might relate to the grain size of a lesson or instruction. 
Is there value in using instructional tasks that address multiple Performance Expectations?  When would it be appropriate and when would it be less appropriate?
Do students learn best when standards are addressed individually or in clusters?

What kinds of tools (e.g., checklist inventories) can we provide students to help them self-monitor their proficiency with standards?


	Problem Set 2


	[image: image25.jpg]Problem Set 2

The focus of Problem Set 2 is instantaneous rate of
change.

Your facilitator may assign one or more of the
following problems. You may work alone or with
colleagues to solve these problems.

When you are done, share your solutions with others.
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	These tasks in Problem Set 2 focus on connections between verbal descriptions and/or symbolic representations and sketches of corresponding slope functions.  In some cases, participants will need to analyze how one variable changes with respect to another variable.  A deep understanding of instantaneous rate of change will help both teachers and students compare properties of different families of functions.

Participants may view some of these tasks as too advanced for their students.  Remind participants that these tasks are to deepen their understanding of mathematics content related to the 9-12 Mathematics Standards.  During debriefing, encourage participants to connect mathematics content to the standards.



	Problem 2.1

15 minutes

	[image: image26.jpg]Problem 2.1

Sketch graphs of the following:

The volume of water over time in a bathtub as it drains.

The rate at which water drains from a bathtub over time.

The volume of air in a balloon as it deflates.

The rate at which the air leaves a balloon while it is deflating.
The height of a Douglas fir over its life time.

The rate of growth (height) of a Douglas fir over its life time.
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	Answer: Different participants may make different assumptions about each of these situations.  The important point is that the two sketches that they drew for each scenario should be related to each other.  

a. Bathtub: Graphs may vary depending on assumptions.  For example, a common assumption is that the flow of water varies inversely with the depth of the water.  However, at some point, the tub will be empty (no asymptote). Assuming that the flow of water reduces as the depth decreases, the graphs may look like:


 
[image: image27]

 SHAPE  \* MERGEFORMAT 
[image: image28]
Volume of water over time                      Rate of water draining over time


These two graphs are related; as the pressure decreases, the rate at which water leaves the drain “slows down” and therefore, the volume continues to decrease, but at a slower rate. 
b. Balloon: These graphs would be similar to the ones for the bathtub.  The changing pressure in the balloon over time results in a decrease in the rate of air escaping, so the volume continues to decrease, but at a slower rate.
c. Trees: The change in height over time is the growth rate, so there is a relationship between the slope of the curve on the left, and the corresponding value of the function on the right.


 
[image: image29]               
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Height of tree over time                                 Rate of growth of tree over time

	Problem 2.1 cont.

20 minutes

	[image: image31.jpg]Problem 2.1 (cont.)
Sketch graphs of the following:

The bacteria count in a Petri dish culture over time.
The rate of bacteria fission in a Petri dish culture over time.

Fkkkkkkkk

The volume (over time) of a balloon that is being inflated at a
constant rate.

The surface area (over time) of a balloon that is being inflated
at the same constant rate

The radius (over time) of a balloon that is being inflated at the
same constant rate.
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	d. Bacteria in a Petri dish. 


[image: image32]   

Bacteria count over time                           Growth rate over time. 
e. The balloon scenario may pose some challenges.  The volume graph should reflect a constant (linear) change.  The surface area will be changing at a rate proportional to the volume raised to the 2/3 power.  The radius will change at a rate proportional to the cube root of the volume. 
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 Volume over time           Surface area over time           Radius over time

To help participants see these relationships, encourage them to examine the equations for surface area and volume of a sphere:
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	Problem 2.1 cont.

15 minutes

	[image: image37.jpg]Problem 2.1 (cont.)
Sketch graphs of the following:

The magnitude of acceleration of a marble over time as it rolls
down a ramp resembling a 90 degree arc. The speed of a
marble over time as it rolls down the ramp.

The total distance a marble travels over time as it rolls down
the ramp.
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	There may be considerable debate over the physics behind this problem.  The following comments can help to simplify the physics:  

An object rolling down a straight ramp has constant acceleration and therefore increasing speed.  The curved ramp creates a situation in which the magnitude of acceleration is not constant - it is continuously decreasing over time because the angle of the tangent line at the point of contact with ball is continuously changing.  Thus, the speed is increasing, but at a decreasing rate. 

This simplified explanation ignores the angular acceleration due to the change in direction of the marble as it rolls down the ramp.  The main point is that this is a situation of decreasing acceleration at the same time as increasing speed!
The acceleration of the marble related to its position on the ramp: Participants’ curves may have different shapes, but they should start out with a maximum value that decreases rapidly at first, and slowly approaches zero when the ball reaches the bottom of the ramp.  Once the marble leaves the ramp, the acceleration would be zero (ignoring friction).  
The velocity of the marble related to its position on the ramp: This sketch should start at the origin and indicate a fairly rapid increase in velocity at first; this rate of increase declines over time to zero (again ignoring friction) at the bottom of the ramp



	Problem 2.2

10 minutes

	[image: image38.jpg]Problem 2.2

For each of the following sketches of functions, sketch a
corresponding graph that shows how the slope is changing
over the interval. Don’t make any assumptions about the

equation that might represent each function.
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	Answer: Even if the function family is not known, participants can estimate the slope of the tangent line at different places along a function by analyzing the graph and estimating the sign and magnitude of slope. 

[image: image39]  
[image: image40]
The rate of change is the same for both of these functions. This assumes that the scales on the axes are the same.


	Problem 2.2 cont.

20 minutes

	[image: image41.jpg]Problem 2.2 (cont.)

For each of the following sketches of functions, sketch a
corresponding graph that shows how the slope is chan%ing
over the interval. Don’t make any assumptions about the
equation that might represent each function.
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	Answer:  

[image: image42.emf] [image: image43.emf]
The first graph looks like an exponential function.  The slope of the tangent line also resembles an exponential function. The second graph resembles a parabola and the graph of the slope should resemble a line. 
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For each of the following sketches of functions, sketch a
corresponding graph that shows how the slope is chan%ing
over the interval. Don’t make any assumptions about the
equation that might represent each function.
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	Answers: The first graph looks like an inverse variation function.  The slope function should look like an inverse x squared function (all negative). 

[image: image45.emf]          [image: image46.emf]
In algebra, an understanding of asymptotes, function end behavior, maxima and minima can be understood in terms of slope of a function.  Additional questions:  

Describe the instantaneous rate of change as a function approaches a horizontal asymptote?

Describe the instantaneous rate of change as a function approaches a vertical asymptote?

Describe the instantaneous rate of change as a function approaches a maximum or minimum?



	Problem 2.3

30 minutes

	[image: image47.jpg]Problem 2.3

The diagrams in the next few slides show side
views of nine containers, each having a
circular cross section. The depth, y, of the
liquid in any container is an increasing
function of the volume, x, of the liquid.
Sketch a graph of the height of the liquid in
each container as a function of its volume.

(Inspired by Phillips Exeter Academy math
materials.)




	Answers: The answers shown below are sketches.  When sketching the volume/depth relationships, participants should distinguish between linear pieces, concave up pieces, and concave down pieces of the graph.  

Questions to ask participants during the mathematics debrief could include: 

How do you know that the volume and the height are directly proportional?

Explain why a graph of the depth of the liquid versus volume would be represented by a concave up curve (or concave down curve).

These tasks were originally developed at the Shell Centre in England:

Swan, Malcolm.  (1985).  The Language of Functions and Graphs.  Shell Centre, School of Education, University of Nottingham. Jubilee Campus, Nottingham, NG8 1BB, UK.  www.mathshell.com.
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	Answer:
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barrel                                  globe                                  cone
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test tube                                  ink bottle                                  flask
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	Problem 2.4

15 minutes


	[image: image58.jpg]Problem 2.4

How does the graph of these 1
two functions compare? S(x)=x"

How does the slope of f at (a,b) o5
compare with the slope of g gx)=x

at (b,a).

Explain or show the
relationship.
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	Answer:  These functions are inverses of each other.  The slope of the tangent lines at corresponding inverse points are reciprocals of each other.  Some participants may find this task easier by looking at examples, such as N=2.

There are at least four methods that participants might use. As you debrief these methods, help participants make connections among them.
a. calculate average rates of change over small corresponding inverse intervals

b. draw/estimate a slope of a tangent line drawn at corresponding inverse points

c. realize that, by definition of inverse functions, 
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 will determine a slope for one function, while 
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will determine a slope for corresponding inverse points

d. take the derivative and use algebra to find the relationship
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Reflection

How might a deep understanding of 

instantaneous rate of change help your 

students with understanding families of 

functions, end behavior, asymptotes?

How might a deep understanding of 

instantaneous rate of change help address the 

properties of functions in your teaching?
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	Additional questions:

What function properties can be understood through instantaneous rate of change?

(This list may include asymptotic behavior, maxima and minima, comparing properties of linear, exponential and other functions.)

How can an understanding of instantaneous rate of change help students select appropriate function models?
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Reflection

Identify a task or tasks that seems to be beyond 

the 9-12 standards. How does completing this 

tasks (and the discussion that followed) help 

you address Performance Expectations in the 9-

12 standards?

Are there any of these problems that you think 

most of your students could solve?

26


	While content in the Algebra, Geometry, Algebra 2 sequence is the same as the content in the integrated courses, teachers may see more opportunity for exploring instantaneous rate of change in integrated mathematics courses.  Encourage participants to consider where they would use the task in their current curriculum.  



	
	[image: image63.jpg]Addressing Multiple Standards

» Select a task that you think supports
learning (or teaching) of standards from
two different core content areas, or a
content standard and a process
standard.

» Discuss how you might use the task (or
a variation of the task in a classroom.




	Participants should consider tasks from both set 1 and set 2. 

Ask participants to share their selection.  Additional questions:

When might you use instructional tasks that encompass multiple Performance Expectations?

When might you use tasks that address a single Performance Expectation?
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